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1 Technical University of Denmark, Department of Mechanical Engineering, Kgs. Lyngby, Denmark
∗ yiszh@mek.dtu.dk

Abstract
This paper presents the volumetric velocity measurement method of small seeding tracer with diameter
5µm ∼ 100µm for volumes of ≥ 500cm3. The size of seeding tracer is between helium-filled soap bubbles
(HFSB) and di-ethyl-hexyl-sebacic acid ester(DEHS) droplets. The targeted measurement volume dimen-
sion is equivalent to the volume of HFSB, which will give a higher resolution of turbulence study. The
relations between particle size, imaging and light intensity are formulated. The estimation of the imaging
results is computed for the setup design. Finally, the methodology is demonstrated for turbulence velocity
measurements in the jet flow, in which the velocities of averaged diameter 15µm air filled soap bubbles are
measured in a volume of 7200cm3.

1 Introduction
There is a strong push for large volumetric velocity measurement using small tracers in Barros et al. (2021).
Normally, due to light scattering and characterics length scale considerations, big tracers are used for tracing
large eddies in big volumes, and smaller tracers are applied for microscale eddies in smaller volumes. As
can be expected from Figure 1, there is a noticeable gap between attainable volumetric domains for large
(≥ 300cm3) and small (1µm∼ 20µm) tracers in the range between 102 cm3 ∼ 104 cm3.
As part of a long-term combined theoretical and experimental initiative, we are setting out to experimentally

test the degree of locality of the interactions between wavenumber components. This requires measurements
that cover the ‘global’ dynamics of the flow, while also capturing as wide a bandwidth of the turbulent (tem-
poral and spatial) spectrum as possible. Soap bubbles of diameter ∼ 15µm can follow the flow accurately to
the degree of spatio-temporal resolution in the experimental design while at the same time they are highly
resilient and long-lived and therefore the most viable option from a practical point of view. Therefore, these
smaller seeding particles are the key factor to these experiments.
Discetti and Coletti (2018) summarized methods that have been developed to measure the full volumet-
ric velocity (3D–3C, i.e. three-dimensional and three-component). In the past two decades, volumetric
velocimetry has evolved from experiments at moderate scale of 10 cm3 up to large scales of 104 cm3 by
various experiments. The initial tomo-PIV experiment done by Elsinga et al. (2006) was conducted with
1µm droplets in a volume of 13 cm3. Later the larger measurement volumes were obtained by volumetric
velocimetry in air conducted by Schröder et al. (2009), Humble et al. (2009), Violato et al. (2011), Ghaemi
and Scarano (2011), Schröder et al. (2011) and Atkinson et al. (2011), which did not exceed 102 cm3 mea-
surement volume with micron-scale seeding tracers.
The main factors limiting the scale up of PIV to macroscopic dimensions summarized by Scarano et al.
(2015) are the limited illumination energy from the illumination source, the scattering efficiency of the trac-
ers, the small optical aperture (due to large depth of field), and the sensitivity and spatial resolution of the
camera sensors. With low repetition rate (prolonging exposure time) and millimeter scale HFSB (increasing
scattering efficiency), larger measurement volumes can be observed to characterize large scale flow structure
in the experiments of Lobutova et al. (2009) and Kühn et al. (2011).
For turbulent flows, the inherent instability and three dimensions requires high resolution time-resolved
volumetric velocimetry. It is impossible to utilize millimeter scale tracers to measure the same scale turbu-
lent structure, because the length scale of the structure is smaller than the tracer diameter, and the cut-off



Figure 1: Compilation of volumetric velocimetry investigations in air �ows: the particle diameter and the
imaged volume. The labeled points refers to the researches in the references: 1, Atkinson et al. (2011); 2,
Kühn et al. (2011); 3,Ca�ero et al. (2015); 4, Caridi et al. (2016); 5, Boushaki et al. (2017); 6, Pröbsting et al.
(2013); 7, Schneiders et al. (2016); 8,Schneiders and Scarano (2016); 9, Schneiders and Scarano (2016);
10, Elsinga et al. (2006); 11, Schröder et al. (2007); 12, Humble et al. (2009); 13, Terra et al. (2017); 14,
Scarano et al. (2015); 15, Michaelis et al. (2012); 16, Hou et al. (2021); 17, Barros et al. (2021); 18, Bosbach
et al. (2009). The red square is the current study and the red area is the interested study area.

diameter of the particles deduced from cut-off frequency could be micron-scale (see Mei (1996)). The cur-
rent investigation aims at characterizing both the 'global' �ow structure and millimeter scale structure with
micron-scale tracers.
With the capabilities of low resolution cameras,, the only option to capture the turbulence structure is to
observe small tracers in a small measurement volume. Now with the development of camera sensor tech-
niques, the high resolution cameras in recent years provide the possibility of capturing the intermediate-size
turbulence structure in a larger volume, in which the whole evolution process of the turbulent spectrum can
be observed. However, there is still a problem between the visibility of seeding tracers and the following
effect of intermediate-size turbulence structure. In order to visualize small structures in the turbulence �ow,
micron-scale tracers are needed to follow the unstable and three dimensional millimetre scale structures.
And as the result of reducing the tracer dimension, the signal from seeding tracers to camera would drop in
quadratic proportion.
For the purpose of solving this problem, this paper thus details the computation of particle image size with
tracers, lens and camera parameters. Then with the desired turbulent scales, the relation among camera, light
source and measurement volume is formulated to make sure that the particle images cannot travel across pix-
els (to avoid streaky particle images). Two examples of approximate 15µmparticles in a 7200cm3 volume,
that are 10 times larger than Barros et al. (2021), are demonstrated at an acquisition frequency of� 2KHz.
The current work thus documents how to design a time-resolved volumetric velocimetry experiment in a
manner that the gap of smaller seeding particles for the target turbulent micro-scale structure in big volume
for 'global' �ow is �lled.
The paper is organized as follows. In the Section 2, the methodology that related from �ow characteristics,
seeding, illumination and imaging was formulated. To demonstrate the computation, a jet �ow example
was computed in Section 3, where we use the all the formulas in Section 2. The setup and experiment re-
sult corresponding to the computation in Section 3 was provided in Section 4. Finally, our conclusion and
perspectives are presented.



2 Methodology

2.1 Flow characteristics

The target smallest structure in the �ow is characterized with length-scale` and characteristic velocityu(`).
The timescale of these structure (see Pope (2000)) is:

t (`) �
`

u(`)
: (1)

Based on the timescale, the interested frequency is

fi =
1

t (`)
: (2)

According to the Shannon's sampling theorem, the camera minimum repetition ratefc should be more than
twice of the interested frequencyfc � 2fi . Both the spatial resolution and the camera repetition are based
on the �ow length-scale and timescale.

2.2 Seeding

There are six factors that affects the particles to follow the �ow from the study of Mei (1996), Adrian and
Westerweel (2011) and Raffel et al. (2018). Response time and Stokes number are related to the �delity
of tracer particles accurately following the �ow. Response time (t t) represents the characteristic time re-
quired for a tracer particle to reach an equilibrium condition after a �ow disturbance. The response time is
commonly calculated using the following form

t t = d2
p

r p

18n
(3)

wheredp is the particle diameter,r p is the particle density andn is the kinematic viscosity of the ambient
�uid. The Stokes number (Sk) is de�ned as the ratio of the characteristic time of a particle to a characteristic
time of the �ow (t f ),

Sk=
t t

t f
(4)

Because the smallest eddies are characterized the timescalet (`), the �ow characteristic time equals to the
timescalet f = t (`). In general, a Stokes number of 0.1 or less given by Tropea et al. (2007) could return an
acceptable �ow tracing accuracy with errors below 1%.
In dynamic conditions like turbulent �ows studied by Mei (1996), the particle frequency response function
Hp that is de�ned as the sinusoidal response of particle to a sinusoidal oscillation of the �ow relates to the
bias between the particle velocity and �ow velocity,

v̂(w) = Hp(w)û(w) (5)

where v̂(w) is the particle velocity amplitude at frequencyw, and û(w) is the �ow velocity amplitude,
both of which are deduced from particle oscillation functionv(t) = v̂(w)e� iwt and �ow oscillation function
u(t) = û(w)e� iwt .
De�ning Stokes number in frequency domainewith the frequency variablew (see Mei (1996)),

e=

s
wd2

p

2n
; (6)

the energy transfer function deduced from the particle frequency response function is

jHp(w)j = jHp(e)j =
(1+ e)2 + ( e+ 2

3e2)4

(1+ e)2 + [ e+ 2
3e2 + 4

9(r � 1)e2]2
: (7)



where,r is the density ratio of particles and ambient �owr = r p=r f , andr f is the density of the ambient
�ow.
In the study of Mei (1996), the cut-off frequencies of the particles are based the 50% and 200% energy
response, which means that 0:5 < jHp(w)j2 < 2 implies very good response of the seeding particles. So the
cut-off frequenciesfcuto f f, the cut-off Stokes numberecuto f f and the cut-off particle diameterdcuto f f can be
computed from the follow equations:

8
>>>>>>>>>>><

>>>>>>>>>>>:

ecuto f f = f e: jHp(w)j2 = 0:5 or 2g

ecuto f f � [2:3800:93+
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n
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However, in practice the computation process is the reversed version: a. �nd the particle parameter like
diameterdp and densityr p; b. compute the density ratior and Stokes frequency domain numbere; c. get
the energy transfer function resultjHp(w)j2 and decide if the seeding type is suitable for the �ow; d. compute
the cut-off frequency to see if it can cover the interested frequency range.
To emphasize the unit of the parameters in the equations, kinematic viscosity in the equation 8 and 6 is
expressed in terms ofcm2=s, and the diameter of particles is in the term ofµm.

2.3 Imaging

The observed volumeV = L � H � W is imaged by cameras with the �xed optical magni�cation based
on the sensor size. De�ning the pixel resolutionls, pixel pitch Dpix, and aperture numberfs, the optical
magni�cation of the imaging system can be deduced from the ratio of the focal lens to the working distance.

M =
lsDpix

L
=

di

do
: (9)

Wheredo is the distance from the object geometrical center to the lens center anddi is the distance from the
image geometrical center to the lens center. The particle imaget p on camera sensor can be computed from:

t p =

q
d2

op+ d2
s + d2

f

Dpix
(10)

wheredop = Mdp is the particle diameter;ds is diffraction limit spot diameter, which can be computed with
aperture stop numberfs and light wave lengthl by ds = 2:44(1+ M) fsl ; anddf is the blur circle diameter.
The depth of focus (DOF)dz is

dz = 2ds fs
1+ M

M2 = 4:88f 2
s l

(1+ M)2

M2 (11)

2.4 Scattered Light

In the PIV experiment, part of the incident light is scattered by the tracers onto the camera sensors. The light
scattering properties of a homogeneous and isotropic sphere in a plane wave, which leads to the Lorenz-Mie
Theory, are well documented in van de Hulst (1981), thus only related �nal results are presented to obtain
the light source budget.
The �rst step is to project the incident wave vector onto the scattering plane. From camera lens, the received
electric �eld vector can be expressed as

Er =
e� ikwr p

kwr p
MbMSM j E0 (12)



whereE0 is incident plane wave vector,kw is the incident wave vector, andr p is the scattering vector
between the particle center and lens center, the angle betweenkw andr p is J , the scattering plane lies at
an angle ofj , MS is the scattering matrix with sum of scattering functions,Mb, andM j is plan transform
matrix (details to see Albrecht et al. (2003) pages:79-126).
One dimensionless parameter de�ned as Mie parameters is important to the scattering intensity,

xM =
pdp

l
: (13)

For particles with Mie parameterxM > 10, the scattered intensity increases with the second power of the
particle diameter, which means geometrical optics can be applied for approximate computation. For the
Lorenz-Mie region with 1� xM � 10, the scattered intensity exhibits strong oscillations. The received light
intensity is

Ir (l ; r;J ) =
ce
2

jE0j2 (14)

wheree is the permittivity of the medium,c is the speed of light.
The photons signalIc received by the cameras is the inner product of the light intensity distribution function
and the camera sensor quantum ef�ciency functionF qe(l ),

Ic =
Z Z

F qe(l )Ir (l ; r;J )dl dA: (15)

The integral of the area depends on the aperture diameter. If the distance between particle and lens is much
larger than the ef�cient aperturer � D and the scattering angle is in the range of geometrical optics, the
scattering angle can be consider as constant. Thus the integral is only the constant intensity multiply the
ef�cient aperture area.
The signal-to-noise ratioSNRin this paper follows the de�nition of Scharnowski and Kahler (2016), which
used standard deviations of the image intensity and the noise:

SNR=
sA

sn
; (16)

wheresn is the standard deviation of the noise level, andsA is the standard deviation of the signal level,
which can be approximated with number particle images per pixelNppp,

sA =
Ic
2

r

Nppp� (
p
4

t 2
p � 1) (17)

The loss-of-correlation due to image noiseFs is de�ned as,

Fs =
s2

A

s2
A + s2

n
=

�
1+

1
SNR2

� � 1
: (18)

Before experiments start, the noise levelsn can be estimated from the camera manuals. From the theory
analysis and experimental evaluation in Scharnowski and Kahler (2016), the loss-of-correlationFs increase
strongly from 0.4 to 0.8 with linearly increment of light power. So the main focus of the light design is to
pursuit the higherFs below 0.8 under the limited light source budget.

3 Measurement computation in a jet �ow example

In this section, we demonstrate the computation process of the visibility problem in a jet �ow with approxi-
mate 15µmdiameter air-�lled bubbles in a volume of 30cm� 30cm� 8cm. The whole estimation is carried
out under the condition of International Standard Atmosphere (ISA).



3.1 Axisymmetric jet flow
The axisymmetric jet flow is one of the best canonical flow for understanding the turbulence. It has been
interrogated using both experimental and theoretical methods. We model the jet velocity field based on the
experimental investigation results by Hussein et al. (1994).
According to measurement result in Buchhave and Velte (2017), for 1 cm jet at Re = 19868, the length Taylor
microscales are 2:2mm and the temporal Taylor microscales are 1ms at the center line at 30D downstream
location and , which requires particle cut-off frequency higher than 1KHz and camera repetition rate higher
than 2KHz. From 13mm radial distance off the jet centerline, the temporal Taylor microscales are 2ms,
which requires particle cut-off frequency 500Hz.

3.2 Seeding computation
The seeding tracers that we use to verify the method are the air-filled micron-scale bubble tracers, which
have mean diameters of approximately 15µm. Barros et al. (2021) investigated the characteristics of the
seeding in a wind tunnel experiment. The theoretical response time computed from equation 3 is 20µs, and
the measured mean response time was 40µs. More details of the microbubble tracer and the bubble generator
can be found in Barros et al. (2021).
The reason we choose this type of seeding is that the tracers size is big enough to reflect light signal, and
is small enough to show trajectory of Taylor micro-scale, and the response time is small enough to follow
Taylor micro-scales. As the temporal Taylor micro-scales measured by Buchhave and Velte (2017) is 1ms
at the center line at 30D downstream location for 1 cm jet at Re = 19868, the Stokes number of the micro-
bubbles was found to be 0.04, which is in the acceptable upper limit of 0.1 given by Tropea et al. (2007).
According to Kerho and Bragg (1994) and Afanasyev et al. (2011), the wall thickness of soap bubbles lies
in the range 0:1µm∼ 0:3µm, the density of the bubbles is 20∼ 70kg ·m−3 in Barros et al. (2021). Taking the
visible bubble diameter from 10µm ∼ 30µm, which have the frequency domain Stoke number at 0.26 and
0.47, the cut-off frequencies varies from 752:2Hz for large high density bubbles to 6:77KHz for small low
density bubbles. And the mean cut-off frequency is 2.21KHz for 15µm particles with 0:2µm wall thickness.
So in the radial range of 13mm at 30D downstream, only minor parts of the tracers (2.5% computed from
statistics in Barros et al. (2021)), of which the diameter is larger than 30µm and the wall thickness is thicker
than 0:3µm, cannot represent the Taylor microscale in the 10mm jet. Out the radial range of 13mm at 30D
downstream, all the tracers follows the Taylor microscale eddies well. For the average diameter particles,
the energy transfer function in equation 7 equals to 0.7088, which is in the efficient response range.

3.3 Imaging computation
Considering the sensor size 27:6mm×26:3mm with resolution 2048 × 1944px and pixel pitch 13:5µm, the
magnification is 0.0875. Only computing the aperture number with l = 625 that is the highest quantum
efficient point of the camera used in the Section 4.2, the aperture number 13 is as DOF=8cm. So the F-stop
is set at 16 due to the discrete number. The particle image tp is 1.97. To avoid to interfere the flow, the
lens and the jet nozzle are in the same plane parallel to the front plane of the investigated volume, thus the
distance from the object geometrical center to the lens center do is 35cm with the camera angle at 30°. So
the focal length f is 28.16mm. The 35mm lens is adapted due to discrete product models.

3.4 Light budget computation
The emission spectra of a white light LED consists of a wide wavelength band from 440-760 nm. In order
to simplify the estimation of the image signal, we consider the optical power as if it is emitted at the single
wavelength l = 625nm. i.e. the following computation is based on l = 625 nm and corresponding photon
energy of 3:2×10−19 Joules. At this wavelength the Mie parameters xM equals 75.4, which is in the range
of geometrical optics approximate computation. At the scattering angle of 90°, the light brightness at the
target is 106 lux per LED. The averaged Mie scattering coefficient is about 8:6× 10−12m−2. The received
light energy of the CMOS detector is 2:95×10−18 Joules. The quantum efficiency of the CMOS detector of
the camera at this photon energy is 0.95.
Plugging these parameters into the aforementioned model for estimating, the signal from one particle gives
8.8 counts for one LED set. If a LED can be pivoted to the cameras for acquiring a better scattering angle
like , for example, 75°, the received light energy would be 1:39× 10−17 Joules, and the particle signal on
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